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Optimal Spin Squeezed Steady State induced by the dynamics of non-hermtian
hamiltonians.
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In this work, we study the time evolution of a coherent spin state under the action of a non-
hermitian hamiltonian. The hamiltonian is modeled by a one-axis twisting term plus a Lipkin-type
interaction. We show that when the Lipkin interaction is switched on, depending on the relative
values of the coupling constants, the initial state evolves into a steady squeezed state which minimizes
the Uncertainty Relations, Intelligent Spin State. We apply this result to look for the generation
of an steady intelligent spin state from an ensemble of nitrogen vacancy colour centers in diamond
coupled to a mechanical resonator.
PACS numbers: 02.20.-a, 03.67.Bg, 03.67.Mn, 32.80.Uv,42.50.Ex
key words: non-hermitian dynamics, optimal spin
squeezing, one-axes twisting and Lipkin-type interac-
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I. INTRODUCTION
The one-axis-twisting (OAT) and the two-axis-twisting
(TAT) mechanisms have been introduced by Kitagawa
and Ueda [1] to establish the concept of spin squeezing
states and the fundamentals for their generation. From
the theoretical point of view, squeezing is closely related
to the analysis of Heisenberg Uncertainty Relations. It
means that given a physical system, one may be inter-
ested in the minimization of the fluctuation of an observ-
able at the expense of the increment of the fluctuation of
the conjugate variable.
Since the pioneering work of Kitagawa and Ueda [1],
many authors have contributed to the understanding [2–
4] and to the experimental achievement of spin squeezing
in atomic systems [5–7]. Recently, the interest in the
study of these mechanisms has been renewed [8–21]. The
characterization of spin squeezing is relevant in the anal-
ysis of potential candidates to be used in the architecture
of quantum computing devices [22]. In a series of works,
it has been reported the generation of steady squeezed
states in dissipative spin systems [21, 23–32]. As an ex-
ample, we can mention the analysis of phase coherence
and spin squeezing of collective spin in systems governed
by OAT Hamiltonian with decay [4, 14, 16, 17, 19–21] or
in systems governed by non-Hermitian Lipkin-Meshkov-
Glick hamiltonian (LMG) [11, 24, 25]. Similar results
were found in the study of the behavior of dissipative
hybrid systems [26, 29, 32–39]. The reported works can
be taken as an indication that non-hermitian dynamics
can be used to improve the achievement of squeezing in
different spin system.
Moreover, the search for spin squeezed states with min-
imum uncertainty relations has given rise to the notion
of Intelligent Spin State (ISS) [40]. The first references
in the literature to intelligent states there is the paper of
C. Argone and co-workers [40]. A considerable amount
of work was devoted to the study of both the properties
of intelligent spin states [41] as well as to the construc-
tion of such states [42–46]. In this work, we analyse the
generation of a steady ISS in a system of spins inter-
acting through a non-Hermitian OAT Hamiltonian plus
a LMG interaction. As a physical application, we pro-
pose to search for steady ISS in diamond nanostructures
[47–52].
Among other proposals, nitrogen-vacancy (NV) cen-
ters in diamond may be useful in solid quantum informa-
tion processing due to their long coherence time and to
the high feasibility in their manipulation [33–35, 53–58].
The generation of entanglement among NV centers in di-
amond has been achieved by different mechanisms. The
coupling of pairs of NV centers have been obtained di-
rectly by dipole-dipole interaction [59, 60]. The coherent
coupling of an ensemble of NV centers to a supercon-
ducting resonator have been reported in [61]. Also, the
coupling of two separated NV electron spin ensembles
in a cavity quantum electrodynamics system has been
observed recently [62]. Another novel mechanism to gen-
erate long-range spin-spin interactions in NV centers in
diamond has been proposed in [51]. In this scheme the
interaction among NV centers is mediated by their cou-
pling via strain to the vibrational mode of a diamond
mechanical nanoresonator. The Authors of [51] have
probed that this phonon-mediated effective spin-spin in-
teractions can be used to generate squeezed states of the
spin ensemble. In the same direction, the Authors of
[47, 48] have shown that under the action of an effective
phonon-induced spin-spin interaction for the ensemble of
NV color centers in diamond, the initial state evolves into
a steady state that behaves as a squeezed state. In this
work, we model the interaction of an ensemble of NV
centers in diamond coupled to a mechanical resonator by
an effective OAT plus LGM effective hamiltonian for the
NV centers. We investigate the possibility of the genera-
tion of an steady ISS from the time evolution of an initial
prepared coherent state under the action of this effective
hamiltonian.
2The work is organized as follows. The details of the
general formalism are presented in Section II. The results
of the calculations are presented and discussed in Section
III. In Section III A, we present the numerical results that
we have obtained from the exact diagonalization of the
proposed Hamiltonian. In Sections III B and III C we
study some analytical results, so to better understand the
mechanism of generation of a steady ISS. In Section III B,
the time evolution and the asymptotic behavior of an
initial coherent state under the action of a non-hermitian
OAT Hamiltonian is discussed. In Section III C, we study
the behaviour of the system, when the LMG interaction
is taken into account, by performing a boson mapping
and keeping terms to dominant order in the number of
spins. In doing so, we explore the behavior of the steady
state on the different parameters of the model. In section
IIID we propose a scheme to couple an ensemble of NV
centers to a mechanical resonator, so that the system can
be model by an effective phonon-mediated interaction,
which consists of a OAT plus a LGM interaction. We
discuss the generation of a steady ISS for this effective
model. Our conclusions are drawn in Section IV.
II. FORMALISM
Let us consider a general collective system con-
sisting of 2S elementary 1/2-pseudo-spins [33–35, 37].
The collective pseudo-spin of the system, S =
( Sx, Sy, Sz), is governed by the cyclic commutation re-
lations [ Si, Sj ] = i ǫijk Sk, where the suffixes i, j, k
stand for the components of the spin in three orthogonal
directions and ǫijk is the Levi-Civita symbol. We shall
assume that the physical properties of the system can be
modeled by a Hamiltonian of the form
H = HOAT +HLMG +Hγ ,
HOAT = χS
2
z ,
HLMG = = V (S
2
x − S2y),
Hγ = (ǫ− iγ) (Sz + S) . (1)
The term HOAT of the Hamiltonian of Eq. (1) is a one-
axis twisting mechanism with coupling constant χ, while
term HLMG stands for a Lipkin-type interaction [63, 64].
In addition, we shall assume that the particles of the
system have a finite lifetime, which is given by the line-
width γ. This effect can be model by the non-hermitian
term Hγ [24].
From the theoretical point of view, different physi-
cal systems can be modeled by hamiltonians closely re-
lated to one proposed in Eq.( 1 ), i.e. a system of two-
component atomic condensates [9, 10, 13, 16], or an en-
semble of NV centers coupling via a mechanical resonator
[47–49, 51, 52].
The Hamiltonian of Eq. (1) can be diagonalized ex-
actly in the basis of states Ak = {|k〉}, with
|k〉 = |S, − S + k〉 =
[
(2 S − k)!
(2 S)!k!
]1/2
Sk+ |S, − S〉.(2)
In this basis
S2|k〉 = S(S + 1) |k〉, Sz|k〉 = (−S + k)|k〉. (3)
A. Time Evolution.
In writing the Hamiltonian of Eq. (1), we have fol-
lowed the projection operator formalism of Feshbach [65]
to introduce the non-hermtian dynamics of the system.
As the Hamiltonian of Eq. (1) is non-hermitian, we
have
H |φ˜α〉 = Eα|φ˜α〉, (4)
and
H†|ψα〉 = Eα|ψα〉. (5)
Both sets of eigenstates, AH = {|φ˜α〉} and AH† =
{|ψα〉}, are non-orthonormal basis of the Hilbert space,
H. It is straightforward to prove [66–68] that
Eα = E˜
∗
α, (6)
and that the set {|ψα〉, |φ˜β〉} forms a bi-orthonormal ba-
sis of H, with
〈ψα|φ˜β〉 = δαβ . (7)
Clearly, the spectrum of the Hamiltonian of Eq. (1)
depends on the value of the coupling constants [69]. If
ǫ = 0, the hamiltonian H of Eq. (1) is a quasi-hermitian
operator, and its spectrum has complex pair conjugate
eigenvalues. It means that H is iso-spectral to H†. Oth-
erwise, the spectrum of H contains complex (non-pair-
conjugate) eigenvalues, and the eigenvalues of H† are
complex conjugate to the eigenvalues of H .
In the basis Ak, a general initial state can be written
as
|I〉 =
∑
k
ck |k〉. (8)
In terms of the basis formed by the eigenvectors of H the
initial state is given by
|I〉 =
∑
α
c˜α |φ˜α〉,
c˜α =
∑
k
(Υ−1)αk ck, (9)
3with Υ the transformation matrix from basis Ak to basis
AH . We shall assume that the initial state is normalized,
that is 〈I|I〉 = 1. The initial state of Eq.(9) evolves in
time as
|I(t)〉 = e−iHt|I〉,
=
∑
α
c˜α(t) |φ˜α〉. (10)
If H can be diagonalized, c˜α(t) is given by c˜α(t) =
e−iE˜αt c˜α.
In order to work with the basis formed by the eigen-
states of H , AH , to calculate the expectation value of a
given observable, ô, we have to equipped the linear vector
space with an scalar product. The reader is kindly refer
to [69] and references therein. That is, we look for a met-
ric operator S, i.e. an operator which is auto-adjoint and
positive definite. The Hilbert space H equipped with the
scalar product 〈f |g〉S = 〈f |Sg〉S is the new physical lin-
ear space HS = (H, 〈.|.〉S). In terms of the eigenvectors
of the symmetry operator S, the initial state reads
|I(t)〉 =
∑
β
≈
cβ(t) |
≈
φβ〉,
≈
cβ(t) =
∑
α
(Υ′−1)βα c˜α(t), (11)
with Υ′ being the transformation matrix from the basis
AH to the basisAS . We are know in condition of evaluate
the mean value of an operator ô as a function of time as
〈ô(t)〉 = 〈I(t)|ô|I(t)〉S
=
∑
αβ
≈
cα(t)
≈
c
∗
β(t) 〈
≈
φβ | ô |
≈
φα〉S . (12)
As reported in [69], the form of the metric operator
depends on the spectrum of H . It can be summarized as
follows.
If the spectrum of H contains complex pair conjugate
eigenvalues, there exists a symmetry self-adjoint operator
such that SKH = H†SK . It reads
SK =
Nmax∑
j≤i
δ(Ej − E¯∗i )
(
αj |ψ¯j〉〈ψ¯i|+ α∗j |ψ¯i〉〈ψ¯j |
)
.
(13)
This operator is not positive define, so that we make
use of the formalism of Krein Spaces. After the diago-
nalization of S, we have SK = RDR−1 = RD+R−1 +
RD−R−1 = SK+ + SK−, with D+ the diagonal matrix
with positive elements and D− the diagonal matrix with
negative entries. Finilly, the metric operator is given by
S = SK+ − SK−.
If the non-hermitian Hamiltonian H has real eigen-
values or some eigenvalues are complex (non-pair-
conjugate), the metric operator is given by
S =
Nmax∑
j=1
|ψj〉〈ψj |. (14)
B. Spin-Squeezing Parameter and Intelligent Spin
States.
Spin-squeezed-states are quantum-correlated states
with reduced fluctuations in one of the components of the
total spin. Following the work of Ueda and Kitagawa [1],
we shall define a set of orthogonal axes {nx′ ,ny′ ,nz′},
such that nz′ is the unitary vector pointing along the
direction of the total spin < S > . We shall fix the di-
rection nx′ by looking at the minimum value of ∆
2Sx′ .
The Heisenberg Uncertainty Relation reads
∆2Sy′ ∆
2Sx′ ≥ 1
4
| < S > |2. (15)
We define the squeezing parameters [1] as
ζ2x′ =
2∆2Sx′
| < S > | , ζ
2
y′ =
2∆2Sy′
| < S > | . (16)
The state is squeezed in the x′-direction if ζ2x′ < 1 and
ζ2y′ > 1. So defined, the parameters of Eq. (16) are su(2)
invariant [72].
When the minimum value of the Heisenberg Uncer-
tainty Relation, Eq. (15), is achieved and ζ2x′ < 1, the
state is called Intelligent Spin State [40–45].
III. RESULTS AND DISCUSSIONS
Let us first present and discuss general results obtained
for the time evolution of a Coherent Spin State (CSS) [71]
through the action of the Hamiltonian of Eq.(1). The
initial state has the form
|I(θ0, φ0)〉 = N
2S∑
k=0
z(θ0, φ0)
k
(
2S
k
)1/2
|k〉, (17)
with z(θ0, φ0) = e
−iφ0 tan(θ0/2). The angles (θ0, φ0) de-
fine the direction ~n0 = (sin θ0 cosφ0, sin θ0 sinφ0, cos θ0),
such that ~S · ~n0|I〉 = −S|I〉 [71].
We shall begin with the analysis, in Section IIIA, of
the numerical results obtained from the exact diagonal-
ization of the Hamiltonian of Eq.(1). We shall comple-
ment these results with the analytical ones of Sections
III B and III C. Finally, we shall investigate the possi-
bility of generating a steady Intelligent Spin States in
diamond nanostructures, III D.
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FIG. 1. Squeezing parameters, ζ2x′ and ζ
2
y′ , as a function of
time, for the system model by the Hamiltonian of Eq.(1),
in units of [dB]. The system consists of N=45 spins. The
parameters of the model have been fixed to the values η = 0.6,
γ = 2 × 10−5 [GHz]. In Insets (a) and (b) are displayed the
results obtained when the initial coherent state is prepared
with (θ0, φ0) = (pi/4, 0) and (pi/8, 0), respectively.
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FIG. 2. Polar angle of the unit vector along the direction
of the mean value of the total spin, θ<S>, as a function of
time. The parameters are the same as in Figure 1. In Insets
(a) and (b) are displayed the results obtained when the initial
coherent sate is prepared with (θ0, φ0) = (pi/4, 0) and (pi/8, 0),
respectively.
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FIG. 3. Contribution of the k−th state of the basis Ak to the
state |I(t)〉 of Eq.(8), as a function of time. The parameters
are those of Figures 1 and 2. In Insets (a) and (b) are dis-
played the results obtained when the initial coherent state is
prepared with (θ0, φ0) = (pi/4, 0) and (pi/8, 0), respectively.
A. Exact Numerical Results.
As it has been said before, we shall present results cor-
responding to the time evolution of the initial coherent
state of Eq.(17) under the action of the Hamiltonian of
Eq. (1), by performing the exact diagonalization of the
hamiltonian in the basis Eq. (2). In doing so, we shall de-
scribe the behavior of the system in terms of the relative
coupling constants
η =
|2SV |
|ǫ− 2Sχ| ,
Γ =
γ
|ǫ− 2Sχ| , (18)
and of the parameter
Ξ2 = η2 + Γ2. (19)
In Figures 1, 2 and 3 we present numerical results for
a system consisting of 45 spins. We assume that the
system has a characteristic time of coherence of the order
of TC ≈ 100 [µ sec ] [33, 73–75], which is consisting with
a value for the line-width of the states of γ = 2 × 10−5
[GHz], relative to the coupling constant χ.
In Figure 1, we show the behaviour of the squeezing
parameters of Eq. (16), ζ2x′ and ζ
2
y′ , as a function of
time. We have fixed the coupling relative constant η to
the value η = 0.6. In Insets (a) and (b) we have displayed
the results obtained when the initial coherent state is pre-
pared with (θ0, φ0) = (π/4, 0) and with (π/8, 0), respec-
tively. At intermediate times, the pattern of squeezing
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FIG. 4. Dependence, as a function of the relative coupling
constant η, of the Squeezing Parameters of the steady state
(t >> Tc, t = 120 [µ sec]), in units of [dB]. In Insets (a), (b)
and (c) we plot the results obtained for ensembles with N = 5,
N = 45 and N = 101 spins, respectively. We have fixed
γ = 2× 10−5 [GHz]. Solid lines are used to shown the results
which we have obtained for the squeezing parameters from the
exact diagonalization of the Hamiltonian of Eq.(1), ζ2x′ and
ζ2y′ of Eq.(16), for an initial coherent state with (θ0, φ0) =
(pi/4, 0), Eq. (17). Dashed-lines correspond to the results
which we have obtained by applying the boson approximation
of section IIIC, Q(x, p) and Q(p, x) of Eq.(38). In this case,
the initial state of Eq. (33) consists of 5 particles in mean
value for Inset (a), and of 45 and 101 particles in mean value
for Inset (b) and (c), respectively. With dotted-line and with
dashed-dotted-line we present the results for the product of
the squeezing parameters in the exact and in the approximate
case, respectively.
depends on the value of θ0. Initial states with θ0 smaller
than π/4 favor the appearance of squeezing as a function
of the time. However, independent of the preparation
of the initial state, it evolves to an asymptotic steady
state which behaves as an ISS, i.e. ζ2x′ = −ζ2y′ [dB]. To
understand the nature of this asymptotic steady ISS, we
have studied the dependence, as a function of time, of
polar angle of the unit vector along the direction of the
mean value of the quasi-spin operator < S >. The corre-
sponding results are shown in Figure 2. The parameters
are the same of those of Figure 1. In Insets (a) and
(b) we have displayed the results obtained when the ini-
tial coherent state is prepared with (θ0, φ0) = (π/4, 0),
and with (π/8, 0), respectively. The system evolves to
an state with < S > pointing in the z-direction, with
< Sz >= −S, independent of the choice in the initial
coherent state.
In Figure 3, we show the contribution of the k−th state
of the basis Ak to the state |I(t)〉 of Eq.(8), as a function
of time, w(k) = |〈k|I(t)〉|2. We have adopted the same
parameters of are those of Figures 1 and 2. In Insets
(a) and (b) are displayed the results obtained when the
initial coherent state is prepared with (θ0, φ0) = (π/4, 0)
and (π/8, 0), respectively. From the analysis of Figure 3,
it can be concluded that as the state evolves in time, the
dominant contributions to the state come from the chan-
nels with low values of k. This fact is in correspondence
with the results of Figure 2.
In Figure 4, we show the dependence, as a function of
the relative coupling constant η, of the squeezing param-
eters of the steady state (t >> Tc, t = 120 [µ sec]), in
units of [dB]. In Insets (a), (b) and (c) we study sys-
tems with N = 5, N = 45 and N = 101 spins, re-
spectively. With solid lines we show the results which
we have obtained from the exact diagonalization of the
Hamiltonian of Eq.(1), for and initial coherent state with
(θ0, φ0) = (π/4, 0), Eq. (17). The dotted-line is used
to show the behaviour of ζ2x′ × ζ2y′ in units of [dB]. The
results presented support the idea of the existence of to
regions with different squeezing properties. The initial
coherent state evolves into a steady ISS for η < 1, and
looses the squeezing properties if η > 1. In the next
sections, we shall present some analytical results to un-
derstand this property, and we shall discussed the rest of
the curves of the Figure.
Next, we shall study the persistence of an steady ISS
as the number of spins is increased. Figure 5 shows the
behavior of the squeezing parameters of the steady state,
ζ2x′ and ζ
2
y′ , as a function of the number of spins of the
system, in units of [dB]. The curves have been computing
at instant t = 120 [µ sec], with t >> TC . In Insets (a),
(b), (c) and (d) we show the results that we have obtained
when the relative coupling constant η takes the value
η = 0.25, η = 0.50, η = 0.75 and η = 0.95, respectively.
We have chosen an initial coherent state with (θ0, φ0) =
(π/4, 0). The rest of the parameters are those of Figure
1. We have plotted with circles the value of the product
ζ2x′ ζ
2
y′ in units of [dB]. The line at constant value 0, is
just plotted as a guide. As it can be observed from the
Figure, except for systems with small number of spins
at large values of η, the steady state behaves as an ISS.
Also, it can be observed that the amount of squeezing
achieved in the steady state is increased as the value of
the relative coupling constant approaches η → 1.
In what follows we shall present some analytical results
in order to understand the behaviour of the steady state
of the system as an ISS.
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FIG. 5. Behavior of the Squeezing Parameters of the steady
state, ζ2x′ and ζ
2
y′ , as a function of the number of spins, N
(t >> Tc, t = 120 [µ sec]), in units of [dB]. In Insets (a), (b),
(c) and (d) we show the results obtained when the relative
coupling constant η is fixed to the value η = 0.25, η = 0.50,
η = 0.75 and η = 0.95, respectively. The rest of the param-
eters are those of Figure 1. We have plotted with circles the
value of the product ζ2x′ ζ
2
y′ in [dB]. The line at constant value
0, is just to guide the eye.
B. Non-hermitian OAT model.
Let us first consider the time evolution of the initial
state proposed in Eq.(17), under the Hamiltonian
H0 = χS
2
z + (ǫ− iγ) (Sz + S) , (20)
that is in absence of the LMG interaction. The mean
values of the spin components can be calculated straight-
forwardly, and they read
〈Sz〉 = −S 1− |z˜|
2
1 + |z˜|2 ,
〈S2z 〉 = S2 −
2S(2S − 1)|z˜|2
(1 + |z˜|2)2 ,
〈{S+, S−}〉 = 2S + 4S(2S − 1)|z˜|
2
(1 + |z˜|2)2 ,
〈S+〉 = 2Sz˜∗eiǫt
(
e−itχ + |z˜|2eitχ)2S−1
(1 + |z˜|2)2S
,
〈S2+〉 = 2S(2S − 1)z˜∗2ei2ǫt(
e−2iχt + |z˜|2e2iχt)2(S−1)
(1 + |z˜|2)2S ,
(21)
being z˜ = z(θ0, φ0)e
−γt.
Clearly, z˜ → 0 when t→∞. In this limit we find
〈Sz〉 → −S,
〈Sx〉 = Re(〈S+〉)→ 0,
〈S2x〉 =
1
2
Re(〈S2+〉) +
1
4
〈{S+, S−}〉 → S
2
,
〈Sy〉 = Im(〈S+〉)→ 0,
〈S2y〉 = −
1
2
Re(〈S2+〉) +
1
4
〈{S+, S−}〉 → S
2
.
(22)
Consequently, 〈S〉 → −Se˘z, with
∆2Sx → S
2
, ∆2Sy → S
2
. (23)
This results indicates that, as reported in the previ-
ous Section, the initial coherent spin state,|I(θ0, φ0)〉,
evolves, asymptotically, to the state with |I(π, 0)〉 =
|S,−S〉, independent of the orientation of the state at
t = 0.
C. Non-hermitian LMG model.
The purpose of this section it is to provide an analyti-
cal hamiltonian which accounts for the behaviour of the
system in the stationary regime, when the Lipkin inter-
action is included.
We shall perform a Holstein-Primakoff boson mapping
[76–78] of the Hamiltonian of Eq.(1). The generators of
the su(2), in terms of the boson creation operator, b†,
and of the boson annihilation operator, b, read
S+ = b
† √2S − b†b ≈ √2S b†,
S− =
√
2S − b†b b ≈
√
2S b,
Sz = b
†b− S. (24)
7The nonlinearity introduced by the square-root term in
Eq. (24) ensures that no two excitations can take place
at the same spin. If we consider delocalized spin waves
involving a large number of spins compared to the num-
ber of excitations, the probability that a given spin is
excited is inversely proportional to the number of spins
N. Therefore, as long as only a few delocalized spin ex-
citations are considered, it is reasonable to neglect the
square-root term in Eq. (24)[79].
The assumption we have made in Eq. (24) is valid
after the system has reached the stationary regime, and
is consistent with the results we have presented in Figure
3. In this approximation, the Hamiltonian of Eq.(1) can
be written as
HB = h0 + 2αK0 + 2SV (K+ +K−),
(25)
with
K+ =
1
2
b†
2
, K− = K
†
+
K0 =
1
2
b†b+
1
4
, (26)
and
h0 = χS
2 − 1
2
α,
α = (ǫ− 2Sχ− iγ) . (27)
The set of operators {K+, K−, K0} spans the algebra
of su(1, 1), that is
[K−,K+] = 2K0,
[K0,K±] = ±K±. (28)
(29)
The time evolution operator of the system, U(t) =
e−itHB , can be easily computed if the exponential were
written in a normally ordered form [80, 81]. Making
use of the faithful matrix representation of the operators
su(1, 1)-algebra, it reads (see Appendix)
U(t) = e−itHB
= e−ith0eb+K+eln(b0)K0eb+K− , (30)
with
b0 =
(
cos(tβ)
(
1 +
α
β
tanh(itβ)
))−2
b+ = e
i(φV +π) 2S|V |
β
tanh (itβ)
1 + αβ tanh (itβ)
(31)
where, φV = 0 if V > 0 and φV = π if V < 0. We have
defined the complex parameter β =
√
α2 − (2SV )2.
As |b+| < 1 (see Appendix), we can introduce the
squeezing parameter ζ = rei(φ+φV +π), such that
b+ = (ζ/|ζ|) tanh |ζ|. (32)
In what follows, we shall study the evolution of the
state
|ψ〉 = N
2S∑
n=0
(
√
2S)n√
n!
|n〉 = D(
√
2S)|0〉, (33)
where, D(η) = e(ηb
†−ηb) is the displacement operator.
The proposed initial state of Eq.(33) is the limit to dom-
inant order in the number of spins of the coherent state
of Eq.(17). This state evolves in time as (see Appendix)
U |ψ〉 = N e−ith0R0(1/4)eS(|R0|+R−−1)Sq(ζ)D(
√
2SR0)|0〉,
N−2 = 〈ψ|U †U |ψ〉 = eγte2S(|R0|+Re(R−)−1)
√
|R0|. (34)
The parameters R0 and R− are given by
R0 =
b0
1− |b+|2 ,
R− = b+ R0 − b+, (35)
and Sq(ζ) stands for the squeezing operator,
Sq(ζ) = e
ζK−ζK+ .
We are, now, in condition to compute the uncertainty
relations of the operators
x =
1√
2
(
b† + b
)
,
p = i
1√
2
(
b† − b) ,
(36)
on the state of Eq.(34). After some cumbersome algebra
(see Appendix) it can be probed that
∆2x =
1
2
(
− cos(φ+ φV ) 2ρ
1− ρ2 +
1 + ρ2
1− ρ2
)
,
∆2p =
1
2
(
+cos(φ+ φV )
2ρ
1− ρ2 +
1 + ρ2
1− ρ2
)
, (37)
with ρ = |b+| = tanh |ζ|. Consequently we can defined
the associated squeezing parameters Q(x, p) and Q(p, x)
as
Q(x, p) = 2∆2x, Q(p, x) = 2∆2p. (38)
The system is squeezed in x (p) when Q(x, p) < 1
(Q(p, x) < 1).
Our objective is to study the behaviour of the system
after a long interval of time (t→∞).
Due to decoherence, it is straightforward to show that
8lim
t→∞
b+ =
ei(φV )η√
(1− iσΓ)2 − η2 − (σ + iΓ) = e
i(φV+φ)ρL.
(39)
In the previous expression, σ stands for the sign function
of (ǫ− 2Sχ), and
φ = − arctan
(
β− − Γ
β+ − σ
)
ρL =
η√
(β+ − σ)2 + (β− − Γ)2
.
(40)
being
β2± =
1
2
(√
(1− η2 − Γ2)2 + 4Γ2 ± (1− η2 − Γ2)
)
,
(41)
To leading order in Γ, the phase factor φ can be written
as
φ ≈

arctan
(
Γ√
1−η2−σ
)
, 0 < Ξ < 1
arctan
(
σ(
√
η2 − 1− Γ)
)
, Ξ > 1.
We can identify two regions, in the space of coupling
constants η and Γ, with different squeezing properties
for the steady state of the system. Region I corresponds
to values of η and Γ that satisfy the condition Ξ2 < 1,
and Region II for values of η and Γ that satisfy Ξ2 > 1.
In Region I, for small values of Γ, the phase φ of b+
becomes approximately null, φ << 1, so that b+ ∼=
ei(φV )ρL. Then, the uncertainty relations of the operators
x and p, of Eq.(37), for φV = 0, take the form
Q(x, p)→ 1 + ρL
1− ρL = e
2|ζ|,
Q(p, x)→ 1− ρL
1 + ρL
= e−2|ζ|, (42)
and
Q(x, p)Q(p, x)→ 1. (43)
Thus, the steady state of the system behaves as an ISS.
Similar expressions hold for φV = π, but with the ex-
change of the roles of x and p.
In Region II, the behaviour of the system is completely
different. The phase φ of b+ is no longer null, φ 6= 0,
moreover for values of η sufficiently large φ → ±π/2,
depending on σ. In this case the uncertainty relations of
the operators x and p, of Eq.(37) take the form
Q(x, p)→ 1 + ρ
2
L
1− ρ2L
,
Q(p, x)→ 1 + ρ
2
L
1− ρ2L
. (44)
Thus, in Region II, the asymptotic steady state is not a
squeezed state.
Let us compared these analytical results with the ones
discussed in Section III A.
In view of Eq.(24) and of Eq. (36), to leading order in
the number of spins
Sx√
S
=
1
2
√
S
(S+ + S−)→ x,
Sy√
S
= − i
2
√
S
(S+ − S−)→ −p.
(45)
So that when, under the action of the Hamiltonian of
Eq. (1), the initial state of Eq.(17) evolves to a steady
state which points in the z-direction, the squeezing pa-
rameters {ζ2x′ , ζ2y′} should give the same information as
{Q(x, p), Q(p, x)}.
This can be seen from Figure 4, where we present, by
using dashed-lines, the results obtained for Q(x, p) and
Q(p, x) of Eq.(38), for the coherent state of Eq. (33)
with N particles in mean value. With dashed-dotted-line
we present the results for the product of the squeezing
parameters in units of [dB]. Clearly, for systems with
more than 9 spins, the initial coherent state evolves into a
steady ISS for Ξ2 < 1, and looses the squeezing properties
if Ξ2 > 1.
We complete our analytical results by analysing the
behavior of the phase φ of Eq. (40). The results are
presented in Figure 6, for the same parameters of Fig-
ure 5. The numerical results are in agreement with the
analytical estimations of Subsection III C. That is, in Re-
gion I the phase φ is null, φ = 0 and consequently the
steady state is an ISS, while in Region II φ → −π/2
for increasing values of the coupling constant η, and the
steady state is no longer an ISS.
From the presented results it can be inferred that dis-
sipative mechanisms can be used to improve the achieve-
ment of squeezing in different spin system [24, 26].
D. Application to phonon-induced spin-spin
interactions in diamond nanostructures.
Let us consider the spin-spin interaction, among NV
centers in diamond, mediated through the coupling of
the spins to a magnetic nano-resonator [47, 48, 51].
An NV center has a ground state with spin 1 and a
zero-field splitting D = 2.88 GHz between the |1, 0 >
and |1,±1 > states [54]. If an external magnetic field, B0
90 5 10 15
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0
/4
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FIG. 6. Behaviour of the phase φ of Eq. (40) as a function
of the scaled coupling constant η. The values of the different
parameters are those of Figure 6.
along the crystalline axis of the NV center, is applied an
additional Zeeman splitting between |1,±1 > sub-levels
occurs. Then, it is possible to isolate the subsystem |1, 0〉
and |1,−1〉[26, 35, 47, 48].
The mechanical resonator is described by the Hamil-
tonian Hr = ωr b
†b, with ωr as the frequency of the
fundamental mode vibration mode of the resonator, and
b (b†) as the corresponding annihilation (creation) opera-
tor. We shall chose ωr almost in resonance with the split-
ting of the states |1, 0〉 and |1,−1〉, so that the NV center
can be modeled by a two-level system. The motion of the
magnetic mechanical resonator produces a magnetic gra-
dient field on the NV centers, so that within this two-level
subspace the Hamiltonian of the system can be modeled
as
HNV = ωr b
†b+ δ σz + g1 (σ+b† + bσ−) +
g2 (σ+b+ b
†σ−), (46)
where δ = D−γeB0 is the energy gap between the ground
state |1, 0〉 and the state |1,−1〉, being γe the gyromag-
netic ratio of an electron. We have assumed an asym-
metric interaction between the NV centers and the sin-
gle mode mechanical resonator, which is model by the
effective coupling constants parameter g1 and g2. The
operators σx, σy , σz are collective spin operators for the
ensemble of NV centers in diamond, σα =
∑
i σα i, which
satisfy the usual angular momentum commutation rela-
tions. We shall consider that the intensity of the external
magnetic field is fixed in order to have a detuning δ ≈ 0.
A unitary transformation of the form
U = e−(g1/ωr)(σ+b
†−bσ−) −(g2/ωr)(σ+b−b†σ−)
can be applied to the Hamiltonian of Eq. (46), Heff =
UHU−1. To leading order in g1/ωr and g1/ωr, together
with the assumption that δ ≈ 0, the effective Hamilto-
nian takes the form
Heff ≈ H0 + ωr b†b+ 2g
2
1 − g22
ωr
(1 + 2b†b)σz +
2
g21 + g
2
2
ωr
σ2z − 4
g1g2
ωr
(
σx
2 − σy2
)
,
with H0 = −2 g
2
1+g
2
2
ωr
S(S + 1). We shall account for dis-
sipation by introducing the mean-life of the NV centers
through the additional term
Hγ = −iγ (σz + S) . (47)
The characteristic time of coherence of this system is of
the order of TC = 100 [µ sec ][33, 73–75], which is con-
sisting with a value for the line-width of the states of
γ = 2 × 10−5 [GHz]. Thus, the Hamiltonian of the NV
ensemble reads
HNVE−ph = Heff +Hγ . (48)
In order to generate a steady ISS, we ini-
tialize the ensemble of NV centers in a coher-
ent state (CSS) |CSS〉 along the direction n˘0 =
(sin(θ0) cos(φ0), sin(θ0) sin(φ0), cos(θ0)) of the collective
Bloch sphere. As it is well known, the CSS satisfies the
condition σ.n˘0|CSS〉 = −S|CSS〉, and it has equal trans-
verse variances, S/2. This state can be prepared by us-
ing optical pumping and microwave spin manipulation
applied to the ensemble [51, 82].
The Hamiltonian of Eq. (47) includes a term which
couples the phonon number nˆ = a†a to σz . We shall
consider an initial phonon with < nˆ >= nph, which we
shall model as a coherent sate of the form
|nph〉 = e−|zph|2/2
∞∑
n=0
znph√
n!
|n〉,
where |n〉 represents the state with n phonons, and
|zph|2 = nph. An initial state of the form |I〉 =
|nph〉|CSS〉, will evolve as
|I(t)〉 = e−|zph|2/2
∑
n
znph√
n!
|n〉 |INV E(t, n)〉, (49)
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with
|INV E(t, n)〉 = eiHNVE(n)t|CSS〉, (50)
and
HNVE(n) = ǫσz +
χ σ2z + V
(
σx
2 − σy2
)
+Hγ ,
ǫ = 2
g21 − g22
ωr
(1 + 2n)σz ,
χ = 2
g21 + g
2
2
ωr
σ2z ,
V = −4g1g2
ωr
. (51)
Following the formalism presented in IIA, the mean value
of physical operator associated to the NV centers, oˆNV ,
will be computed as
〈oˆNV (t)〉 = e−|zph|2
∞∑
n=0
|zph|2n
n!
〈INV E(t, n)|oˆNV |INV E(t, n)〉S ,
(52)
where the S is the corresponding metric operator [22].
In the previous section we have conclude that, for large
number of NV centers, the values of Ξ = η2+Γ2 (Eq.(19))
can be used to characterize the appearance of a steady
ISS, that is for If Ξ2 < 1, the initial state evolves into a
steady ISS. In terms of g1, g2, wr , γ and of the number
of NV centers, N = 2S and of the number of phonons,
n, the quantity Ξ2 reads
Ξ2 =
2 g1g2 +
γ
4S (g2
2
/ωr)∣∣∣∣(g1g2)2 (1− 1+2n2S )+ (1 + 1+2n2S )
∣∣∣∣ .
(53)
The quantity Ξ2, if γ/(4S) is small, depends on the rela-
tive coupling constant g1/g2 and on the ratio of phonon
numbers to the number of spins, (1 + 2n)/(2S).
In Figure 6, we present a contour plot of Ξ2 as a func-
tion of the ratios g1/g2 and (1 + 2n)/(2S). We have
considered a system of N = 1001 NV-centers. We have
taken values of ωr = 1 [MHz], g2 = 0.5 [MHz] and
γ = 2 × 10−2 [MHz] [47, 48, 51]. From the Figure it
can be seen that Ξ2 < 1 for values of g1/g2 < 1, or for
(1+2n)/(2S) <∼ 0.5 if g1/g2. Similar results are obtained
for systems with different values of the number of the NV
centers, N = 2S, and of the number of phonons, provided
that (1 + 2n)/(2S) varies among the same values.
In Figure 7, we show the results obtained for the
squeezing parameter of the steady state, as a function
of the ratio g1/g2. We have computed the mean val-
ues of the physical operators following Eq. (52). We
have chosen an initial coherent state for the NV centers,
with θ0 = π/4 and φ0 = 0. We have considered a sys-
tem with N = 2S = 1001 NV color centers in diamond.
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FIG. 7. Contour plot of the quantity Ξ2, as a function of
the ratios g1/g2 and (1 + 2n)/(2S). We have considered a
system of N = 2S = 1001 NV-centers. We have taken values
of ωr = 1 [MHz], g2 = 0.5 [MHz] and γ = 2× 10
−2 [MHz].
The values of g2, ωr and γ are those of Figure 8. We
have evaluated the Squeezing parameter at t = 300 [µ s]
>> TC . In Insets (a), (b) and (c) we show the results
obtained when the mean value of phonons in the initial
state, Eq.(33), is nph = 6, 100 and 250, respectively.
When the mean value of phonons is increased, the con-
tribution from states with large number of n becomes
important, so that, at fix number of NV-centers, the pa-
rameter Ξ2 can be > 1 depending on the ratio g1/g2. We
have verified that the values of the squeezing parameter
in the steady state are independent of the initial state
adopted [48].
IV. CONCLUSIONS
In this work we have studied the behavior of a sys-
tem of spins interacting through a non-hermitian one-
axis twisting Hamiltonian plus a Lipkin-type interaction.
We have analysed the time evolution of a coherent initial
spin state. We have shown, by performing the exact nu-
merical diagonalization of the Hamiltonian, that under
the action of the one-axes twisting dissipative hamilto-
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FIG. 8. Values of the Squeezing Parameters in the steady
state, as a function of the relative constant g1/g2, in units
of [dB]. We have considered a system with N = 2S = 10001
NV color centers in diamond. The values of g2, ωr and γ are
those of Figure 7. We have evaluated the Squeezing param-
eter at t = 300 [µ s] >> TC . In Insets (a), (b) and (c) we
show the results obtained when the mean value of phonons is
nph = 6, 100 and 250, respectively.
nian, the initial state evolves into steady coherent state
pointing in the z-direction. This fact have been proved
analytically in Section III B. In addition, in Section IIIA
we have shown that, by performing an exact diagonal-
ization of the interaction of Hamiltonian (1), when the
Lipkin interaction is turned on, a coherent initial state
evolves into steady Intelligent Spin State for a definite
range of values of the relative coupling constant η. To
get a deeper understanding of the results we have ob-
tained in the staionary regime, we have performed a bo-
son mapping of the su(2) Hamiltonian of Eq.(1). To
leading order in the number of spins, the Hamiltonian
was written in terms of the operators of the su(1, 1) al-
gebra, and the time evolution of the system was obtained
analytically. In the asymptotic limit, that is after long
intervals of time compared to the characteristic coher-
ence time of the system, the numerical results that we
have presented support the idea that the behaviour of
the steady state govern by the su(2)-Hamiltonian of Eq.
(1) can be understood in terms of the behavior of the
steady state govern by the su(1, 1)-Hamiltonian of Eq.
(25). Both from analytical and numerical results, it is
observed that two well defined regions can be identified,
depending on the relative value of the coupling constants
(η, Γ), with different behaviour of the asymptotic steady
state. For systems with more than N ≈ 9 spins, the ini-
tial state evolves in a steady Intelligent Spin State when
η < 1, Eq. (19), otherwise the asymptotic state does
not behave as a squeezed state. The previous reported
results indicate that the generation of a steady Intelli-
gent Spin State, for a certain range of values of (η, Γ),
is consequence of the dissipative character of the interac-
tion. Similar results have been recently advanced in [26].
As a potential physical application, we have investigated
the possibility of searching for an steady Intelligent Spin
State in diamond nano-structures. We have presented an
effective spin-spin interaction among NV color centers in
diamond, mediated through the interaction of the NV
centers with a magnetic nano-resonator. We have inves-
tigated the regimen of coupling constatnts, so that under
the action of this effective interaction a coherent initial
state evolves in time into a steady Intelligent Spin State.
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APPENDIX
Let us consider the Lie algebra su(1, 1) [81], which is
spanned by the operators {K1, K2, K3}. They satisfy
the well known commutation relations
[K1,K2] = −iK3, [K2,K3] = iK1, [K3,K1] = iK2.
The complex linear combinations of these operators span
the algebra suc(1, 1), which is isomorphic to sl(2, C).
The time evolution operator, U(t) = e−itHB , is an ex-
ponential form of the elements of the suc(1, 1) Lie algebra
( Eqs. (26) and (29)). Thus, U(t) belongs to the SU(1, 1)
Lie group. Consequently, U(t) can be represented by a
matrix G. The matrix G is parameterized by two com-
plex numbers w1 and w2 as
G =
(
w1 w2
w2 w1
)
,
moreover, the parameters w1 and w2 fulfill the condition
|w1|2 − |w2|2 = 1.
Let us determine w1 and w2. In doing so, we shall
write U(t) in normal order as
U(t) = e−ith0e−it(2αK0+2SV (K++K−)),
= e−ith0eb+K+eln(b0)K0eb+K− ,
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with K± = K1 ± iK2 and K0 = K3.
Following the prescriptions of [80], it is possible to
carry out all calculations, in either the algebra or the
group, by using the faithful matrix representation of the
operator algebra. It reads
K+ =
(
0 1
0 0
)
,
K− =
(
0 0
−1 0
)
,
K0 =
1
2
(
1 0
0 −1
)
.
Writting (54) in terms of the faithful matrix representa-
tion, we obtain
(
c+ a0s2d
as
d−asd c− a0s2d
)
=
( √
b0 − b+b−√b0
b+√
b0
− b−√
b0
1√
b0
)
,
where
c = cosh(itβ),
s = sinh(itβ),
a0 = −2itα,
a = −itγ.
Then, it results
b0 =
(
cos(tβ)
(
1 +
α
β
tanh(itβ)
))−2
,
b+ = e
i(φV +π)
2S|V |
β
tanh (itβ)
1 + αβ tanh (itβ)
,
b− = b+,
where, φV = 0 if V > 0 and φV = π if V < 0. We have
defined β =
√
α2 − (2SV )2. Clearly, we can identify
w1 =
√
b0 − b
2
+√
b0
, w1 =
1√
b0
,
w2 =
b+√
b0
, w2 = − b+√b0
As |w1|2− |w2|2 = 1, there exist ζ ∈ C and {θ1, θ2} ∈ R
so that
w1 = cosh |ζ|eiθ1 w2 = sinh |ζ|eiθ2 .
Consequently
w2
w1
= b+ = e
i(θ2−θ1) tanh |ζ|,
verifying that |b+| < 1.
It is convenient to introduce the operator of squeezing
Sq(ζ) = e
ζK−−ζK+ , with ζ = reiτ and τ = φ + φV + π.
In terms of the complex parameter ζ, b+ is written as
b+ =
ζ
|ζ| tanh |ζ|. It is straightforward to show, by using
the faithful matrix representation, that
Sq(ζ) = e
ζK−−ζK+ = eb+K+eln(1−tanh
2 |ζ|)K0e−b+K− ,
and
U(t) = e−ith0eb+K+eln(1−tanh
2 |ζ|)K0e−b+K−
eb+K−e− ln(1−tanh
2 |ζ|)K0eln(b0)K0eb+K−
= e−ith0Sq(ζ)eln(R0)K0eR−K− ,
where we have defined R0 =
b0
1−tanh2 |ζ| , and
R− =
(
ζ
|ζ|
b0
1−tanh2 |ζ| − ζ|ζ|
)
tanh |ζ|.
We shall now consider the time evolution of the coher-
ent state of Eq.(33)
|ψ〉 = e−S
∞∑
n=0
(
√
2S)n√
n!
|n〉 = D(
√
2S)|0〉,
with D(
√
2S) = exp(
√
2Sa†−√2Sa). It is easy to proof
that K−|ψ〉 = S|ψ〉. Then
U |ψ〉 = N e−ith0Sq(ζ)eln(R0)K0eR−K−D(
√
2S)|0〉,
= N e−ith0Sq(ζ)eln(R0)K0eSR−D(
√
2S)|0〉,
= N e−ith0R1/40 eSR−−S+|R0|Sq(ζ)D(
√
2SR0)|0〉,
and the normalization factor results
N−2 = eγte2S(|R0|+Re(R−)−1)
√
|R0| ×
〈0|D†(
√
2SR0)S
†(ζ)Sq(ζ)D(
√
2SR0)|0〉
= eγte2S(|R0|+Re(R−)−1)
√
|R0|.
Let us evaluate the fluctuation of the operators x and
p. In doing so, we shall make use of well known relations
for the squeezing operator S(ζ):
S†q(ζ)xSq(ζ) = x (cosh r − cos τ sinh r)− p sin τ sinh r,
S†q(ζ)pSq(ζ) = p (cosh r + cos τ sinh r) + x sin τ sinh r,
S†q(ζ)x
2Sq(ζ) = x
2 (cosh r − cos τ sinh r)2 +
p2 sin2 τ sinh2 r −
{x, p} sin τ sinh r(cosh r − cos τ sinh r),
S†q(ζ)x
2Sq(ζ) = x
2 sin2 τ sinh2 r +
p2 (cosh r + cos τ sinh r) +
{x, p} sin τ sinh r(cosh r + cos τ sinh r),
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and of
〈0|D†(
√
2SR0)xD(
√
2sR0)|0〉 = 2
√
S Re
√
R0,
〈0|D†(
√
2SR0)pD(
√
2sR0)|0〉 = 2
√
S Im
√
R0,
〈0|D†(
√
2SR0)x
2D(
√
2sR0)|0〉 = 1
2
+ 4S (Re
√
R0)
2
〈0|D†(
√
2SR0)p
2D(
√
2sR0)|0〉 = 1
2
+ 4S (Im
√
R0)
2.
We can proceed to calculate
∆2p = 〈ψ|U †p2U |ψ〉 − 〈ψ|U †pU |ψ〉2,
=
1
2
(
cos(τ) sinh(2r) + sinh2(r) + cosh2(r)
)
,
and
∆2x = 〈ψ|U †x2U |ψ〉 − 〈ψ|U †xU |ψ〉2,
=
1
2
(− cos(τ) sinh(2r) + sinh2(r) + cosh2(r)) .
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